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We study the partial time dependent collapse of a spherically symmetric compact object with
initial mass M1 +M2 and final mass M2 and the waves of space-time emitted during the collapse
via back-reaction effects. We obtain exact analytical solutions for the waves of space-time in an
example in which M1 = M2 = (M1 +M2)/2. The wavelengths of the space-time emitted waves
during the collapse have the cut (we use natural units c = ~ = 1): λ < (2/b), (1/b)-being the time
scale that describes the decay of the compact object.
I. INTRODUCTION AND MOTIVATION
In geometrodynamics[1, 2] particles and fields are not considered as foreign entities that are immersed in geometry,
but are regarded as manifestations of geometry, property. Under certain conditions boundary conditions must be
considered in the variation of the action[3]. In the event that a manifold has a boundary ∂M, the action should be
supplemented by a boundary term, so that the variational of the action to be well-defined[4]. However, this is not the
only manner to study this problem. As was recently demonstrated[5], there is another way to include the flux that
cross a 3D-hypersurface that encloses a physical source without the inclusion of another term in the Einstein-Hilbert
(EH) action
IEH =
∫
d4x
√−g
(
R
2 κ
+ Lm
)
. (1)
This is an important fact, because the study of different sources can help to develop a more general and powerful
relativistic formalism, where dynamical systems can be studied in a theoretical manner, in order to make a better
description of the physical reality. In this work we shall deal only with classical systems, in order to describe waves
of space-time. These terms can be seen as a source, described by an extended manifold (with respect to the Riemann
background), which has geometrodynamical physical consequences on a gravito-electromagnetic physical system[6].
On the another hand, the understanding of a collapsing system is a very important issue in theoretical physics,
mainly in astrophysics and cosmology physics. Some extensive investigations were made related to a spherically
symmetric collapse driven by a scalar field [7]. More recently, this issue has been analytically explored in [8, 9]. The
study of a collapse for a fluid with an heat flux has been treated in [10]. An interesting issue to study is the evolution
of the global topology of space time during a collapse driven by a scalar field that can avoid the final singularity. This
topic was explored in a recent work [11] jointly with the geometrical back-reaction of space time produced by this
collapse. However, in this work we shall consider a semi-Riemannian manifold, so that ∇ǫgαβ = 0.
In this work we are interested in the study of a partial collapse of some compact object with initial mass M1+M2,
that is reduced during this collapse to a final state with mass M2, such that during the transition it transfers a mass
M1 e
−b t to the space-time, and therefore the collapse generates a spherically symmetric wave of space-time. The
paper is organised as follow: in Sect. (II) we introduce the physical source for a object that transfers mass to a wave
of space-time and we obtain, by varying the action, the new Einstein’s equations with sources and the equation for
the trace of the space-time wave . In Sect. (III) we describe the problem which we are interested in solving, the
partial collapse of a spherically symmetric compact object that transfers a part of its mass to the space-time wave.
In Sect. (IV) we propose a particular dynamical evolution for the mass that decreases exponentially with time. We
obtain the wave equation for the space-time and we found a exact analytical solution for this equation in a particular
case. Finally, in Sect. (V) we develop some final comments.
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2II. PHYSICAL SOURCES FROM BOUNDARY CONDITIONS IN THE VARIATION OF THE ACTION
We consider the variation of the Einstein-Hilbert (EH) action with respect to the metric tensor
δIEH =
1
2κ
∫
d4x
√−g
[
δgαβ
(
Rαβ − gαβ
2
R + κTαβ
)
+ gαβδRαβ
]
= 0, (2)
where the stress tensor Tαβ is defined in terms of the variation of the Lagrangian
Tαβ = 2
δLm
δgαβ
− gαβ Lm, (3)
and describes the physical matter fields. By considering a flux δΦ of δWα through the 3D closed hypersurface ∂M , we
obtain that: gαβδRαβ = ∇αδWα = δΦ, with δWα = δΓαβγgβγ − δΓǫβǫgβα = gβγ∇αδΨβγ [14]. To formalise the study
of the system we shall consider boundary conditions that can describe waves of space-time with external sources. In
our case the waves of space-time propagates due to the partial collapse of the spherically compact object, which is
the source that produce the waves. In order for describe a dynamical system with a source that generates waves of
space-time, we shall consider the case where δIEH
δS
= 0 implies that
δgαβ
δS
[Gαβ + κTαβ] + g
αβ δRαβ
δS
= 0 → δg
αβ
δS
[Gαβ + κTαβ]︸ ︷︷ ︸
=Λ gαβ
+χ = 0, (4)
that guarantees the preservation of the action, and the recovering of the Einstein’s equations with sources. Further-
more, χ(xǫ) ≡ gµνχµν is a classical scalar field, and χµν = δΨµνδS describes the waves of space-time produced by the
source through the 3D hypersurface. Therefore, the condition δIEH
δS
= 0, with boundary conditions included, in the
case described by (4), can be written as
Gαβ + κTαβ = Λ g¯αβ, (5)
χ =
δΦ
δS
= Λ gαβ
δgαβ
δS
, (6)
such that gαβ
δgαβ
δS
= [1/(−g)]d(−g)
dS
= d
dS
[ln(−g)], and (−g) is the positive value of the determinant for the metric
that describes the source: gµν . Therefore, the variation of the flux that cross the 3D-gaussian hypersurface with
respect to the line element S, is described by
δΦ
δS
= Λ gαβ
δgαβ
δS
= Λ
d
dS
[ln(−g)] , (7)
that is the source of the wave equation (6). Here, the cosmological constant Λ is related with the flux Φ and the
volume of the manifold:
√−g:
Λ =
1
2
dΦ
d [ln [
√−g]] , (8)
where we have made use of the fact that gαβ
δgαβ
δS
= d
dS
[ln(−g)] = 2 d
dS
[ln(
√−g)]. When δΦ
δS
is linear with d
dS
[ln(−g)],
hence Λ is a constant. This is the case we shall consider in this work.
III. PARTIAL COLLAPSE OF A COMPACT OBJECT
In order to consider the dynamical collapse of a spherically symmetric compact object where the mass evolves in
agreement with (12), we must consider the initial Schwarzschild metric of the object with mass M1 +M2
dS2 = g¯αβ dx
α dxβ = f(r) dt2 − 1
f(r)
dr2 − r2 dΩ2, (9)
where f(r) = 1− 2G(M1 +M2)/r and dΩ2 = dθ2 + sin2(θ) dφ2. During the collapse the mass of the compact object
is dynamically reduced from (M1 +M2) to M2, so that the difference of mass is transferred to the wave of space-
time. The transition between both states is described by the function M(t), such that M(t = 0) = M1 +M2 and
limt→∞M(t)→M2. Furthermore, f(r)→ f(r, t) and the metric during the transition is:
dS2 = gαβ dx
α dxβ = f(r, t) dt2 − a2(t)
[
dr2
f(r, t)
− r2 dΩ2
]
, (10)
3with f(r, t) = 1−2GM(t)/r and a(t) ≤ a0 is the radius of the compact object, which will be considered as proportional
to the time dependent mass: a(t) = C GM(t). Here, C = a0
G(M1+M2)
> 2 is a constant, such that a0 is the initial radius
of the compact object. Notice that (10) is the metric that describes the physical source of the wave of space-time and
(9) is the metric that characterizes the initial state on which will propagates the wave produced by the source. At
the end of the collapse the remaining mass is M2 = limt→∞M(t), and the residual metric will be the same than (9),
but with a mass M2. It is expected that, during the collapse, where the compact object losses a mass ∆M =M1. In
absence of dissipative effects, it is expected that the lost energy by the star ∆E = M1 c
2, be transferred to the wave
of space-time, that will spread at the speed of light as a spherical wave.
The equation of state : ω(t, r) = p(t, r)/ρ(t, r) (here p and ρ are respectively pressure and energy density), for this
spherically symmetric compact object that has a radius a(t) = CM(t), that decreases with time, is
ω(t, r) =
ΛM2
[
4
(
(MG)2 −GM r)+ r2]− 2rM¨M [r − 2GM ]− M˙2r2
ΛM2 [r2 − 4GM (r −GM)]− M˙2 (4GMr − 3r2) , (11)
where a0(M1+M2) M(t) > r ≥ 2GM(t), with
a0
G(M1+M2)
> 2. It is expected that during the collapse ω > 0.
IV. AN EXAMPLE
To examine the theory, we shall consider the case where the evolution of the mass is
M(t) =M1 e
−b t +M2, (12)
where t ≥ 0 is the time, b is some positive constant such that 1/b give us the scale of decaying of the compact object.
To evaluate the equation of state inside the star, we shall consider a radius r = αGM(t) which is smaller than the
stellar radius and bigger than the dynamic Schwarzschild one: 2 < α ≤ a0
G(M1+M2)
For the case (12), the equation of
state of the system for a(t) = a0(M1+M2) M(t), is
ω(t, r) =
Λ
[
M2(α− 2)2]− [2MM¨(α − 2) + αM˙2]
Λ [M2(α− 2)2] + α(3α− 4)M˙2 . (13)
Notice that the equation of state in the limit case where t→∞ is
lim
t→∞
ω(t, r)→ 1. (14)
Furthermore, in the limit case where α→ 2, we obtain the equation of state
lim
α→2
ω(t, r)→ −1
2
. (15)
In the figure (1) we have plotted ω(r, t) as a function of t, for different α-values corresponding to different r-values
of the interior of the star. We have considered M1 = M2 = 0.5M⊙. Notice that on the Schwarzschild radius
ω(α = 2) = −1/2, but for different (and larger) α-values, the equation of state tends asymptotically to ω → 1
as the collapse evolves. In the figure (2) we have plotted ω(r, t) as a function of t for different b-values, using
M1 =M2 = 0.5M⊙ and α = 2.5. Notice that initially ω < 0, but later ω → 1 as the collapse evolves.
We can write the complete solution for the space-time wave described by the field χ(t, r, θ, φ), as
χ(t, r, θ, φ) =
∞∑
n=0
χn(t, r, θ, φ). (16)
For modes that include waves of gravitational origin, must be with l = 2, and −2 ≤ m ≤ 2, so that
χn(t, r, θ, φ) =
2∑
m=−2
[
An,l,m χn,l,m(t, r, θ, φ) +A
†
n,l,m χ
∗
n,l,m(t, r, θ, φ)
]
, (17)
such that the modes χn,l,m(t, r, θ, φ), are:
χn,l,m(t, r, θ, φ) =
(
En,l
~
)2
Rn,l(r)Yl,m(θ, φ) τn(t), (18)
4We can expand the field χ as a superposition χn,l,m(t, r, θ, φ) ∼ Rn,l(t, r)Yl,m(θ, φ), where the functions Yl,m(θ, φ)
are the usual spherical harmonics
Yl,m(θ, φ) =
√
(2l + 1)(l −m)!
4pi (l +m)!
P lm(θ) eimφ, (19)
where ! denotes the factorial and P lm(θ) are the Legendre polinomials. In this work we shall consider l = 2 because
we are dealing with waves of space-time and −2 ≤ m ≤ 2.
A. Waves of space-time
We must calculate the equation (6), which in our example takes the form
gαβ∇α∇βχ(t, r, θ, φ) = 6 M˙(t) r
M(t) (r − 2GM(t))Λ, (20)
where we have made use of the fact that d
dS
= Uα d
dxα
. Notice that all the energy transferred by the compact object
to the wave is M1 c
2, so that the total energy of the system (star + space-time wave), is conserved. For a co-moving
observer U i = 0 and U0 =
√
g00 in the metric (10), because we are describing the source of the wave in the right
side of the equation (20). In order to calculate the covariant derivatives in the D’Alambertian of the left side in (20),
we must use the connections of the metric (9), with a mass M1 + M2. This is because when the collapse begins,
the mass of the compact object is M1 +M2 and the information that changes the space-time travels with the wave
of space-time. Hence, in a given point of the space-time, an observer will feel a gravitational field due to the mass
M1 +M2 before the wave leads to the observer, and a gravitational field due to the residual mass M2, after the wave
has passed the observer. The equation (20), written explicitly, is
− 2
r
∂χn,l,m
∂r
− ∂
2χn,l,m
∂r2
+
2GM¯
r2
∂χn,l,m
∂r
+
2GM¯
r
∂2χn,l,m
∂r2
− 1
r2
cos (θ)
sin (θ)
∂χn,l,m
∂θ
− 1
r2 sin2 (θ)
∂2χn,l,m
∂φ2
− r[
2GM¯ − r] ∂
2χn,l,m
∂t2
− 1
r2 sin2 (θ)
∂2χn,l,m
∂θ2
+
[
6 M˙(t) r
M(t) [2GM(t)− r]
]
Λ = 0, (21)
where we have denoted M¯ = (M1 +M2). We can make variables separation: χn,l,m(t, r, θ, φ) = Rn,l(t, r)Yl,m(θ, φ),
and after making r = αM(t) in the source with the approximation of it, for sufficiently large time, we obtain the
differential equations:
2r
∂Rn,l(t, r)
∂r
+ r2
∂2Rn,l(t, r)
∂r2
− 2GM¯ ∂Rn,l(t, r)
∂r
− 2GM¯ r∂
2Rn,l(t, r)
∂r2
+
r3
[2GM¯ − r]
∂2Rn,l(t, r)
∂t2
− l (l + 1)Rn,l(t, r) = 3M¯
2e−b tα3 Λ
(α− 2) , (22)
cos (θ)
sin (θ)
∂Yl,m(θ, φ)
∂θ
+
1
sin2 (θ)
∂2Yl,m(θ, φ)
∂φ2
+
1
sin2 (θ)
(θ)
∂2Yl,m(θ, φ)
∂θ2
+ l (l + 1)Yl,m(θ, φ) = 0. (23)
5The solution for Eq. (22)
Rn,l(t, r) =
(
6
α− 2
)
eb(r−t)(GM¯)
3
bα3Λ
(
2GM¯ − r)2 bGM¯ HC (1)
×
∫
e−brHC
(2)
(
2GM¯ − r)−2 bGM¯
r
(
8HC
(1)
HC
(2)b(GM¯)
2 − 2HC (1)HCP (2)GM¯ +HC (1)HCP (2)r + 2HC (2)HCP (1)GM¯ −HC (2)HCP (1)r
)dr
−
(
6
α− 2
)
eb(r−t)(GM¯)
3
bα3Λ
(
2GM¯ − r)−2 bGM¯ HC (2)
×
∫ (
2GM¯ − r)2 bGM¯ HC (1)e−br
r
(
8HC
(1)
HC
(2)b(GM¯)
2 − 2HC (1)HCP (2)GM¯ +HC (1)HCP (2)r + 2HC (2)HCP (1)GM¯ −HC (2)HCP (1)r
)dr,
(24)
where we have denoted the confluent Heun functions HC and the prime confluent Heun functions HCP , as
HC
(1,2) = HC
(
−4 bGM¯,∓4 bGM¯, 0, 8 b2(GM¯)2,−8 b2(GM¯)2 − l(l + 1), 2GM¯ − r
2GM¯
)
, (25)
HCP
(1,2) = HCP
(
−4 bGM¯,∓4 bGM¯, 0, 8 b2(GM¯)2,−8 b2(GM¯)2 − l(l + 1), 2GM¯ − r
2GM¯
)
. (26)
Notice that we have made null the constants in the homogenous contributions to the solution for Rn,l(t, r) because it
is expected that in absence of sources, there will no emission of space-time waves.
In the figures (3), and (4) we have plotted the norm of Rn,l(t, r∗) as a function of time, for different values of r∗,
and M1 =M2 = 2.5M⊙. Here, r∗ is the distance where is situated an observer outside the star. We have considered
Λ = 3/(b2), with b = 0.2, a0 = 2.2G(M1 +M2) and l = 2, because we are dealing with waves of space-time. In the
figure (3) the observer is close to the star (at r∗ = 4G(M1+M2)), but in (4) is more distant (at r∗ = 5G(M1+M2)).
Notice that the signal is more weak in this last. Because the wavelengths must be smaller than the initial size of the
star, the wavelengths of the emitted space-time waves, must be
λ ≡ 2pi
k
< a0 = (2/b), (27)
where (1/b) is the time scale that describes the decay rate of the compact object. Finally, notice that the equation
of state change its signature during the collapse in the interior of the compact object for different interior radius, but
no for a Schwarzschild one.
V. FINAL COMMENTS
We have studied the dynamics of a partial collapse for a spherically symmetric compact object and the waves of
space-time emitted during the collapse when the collapsing body delivers a part of its mass during the collapse. Here,
the waves of space-time are described by back-reaction effects. To study these effects we have modified the boundary
conditions in the minimum action principle by considering a dynamical source through a 3D gaussian wave-like flux
that cross such closed hypersurface. The effective dynamics is described by the system of equation (5) and (6), where
χ is the trace of the wave components: χαβ =
δΨαβ
δS
on the background curved space-time. Notice that we are dealing
with waves that do not comes from the variation of a quadrupole momentum, but distortions of space-time which
propagates as waves due to the collapse of a spherically symmetric compact object. The description of the dynamics
is extremely complicated, but, fortunately we have founded exact analytical solutions in an example for which the
final mass is M2 = (M1 + M2)/2. The wavelengths of the space-time emitted waves during the collapse have the
cut: λ < (2/b) = a0, where (1/b) is the time scale that describes the decay rate of the compact object. Notice that
the approach here used is different to other used in some previous works[11, 15] in which boundary conditions are
related to a displacement from a semi-Riemannian manifold to another extended manifold in which ∇ǫgαβ 6= 0, to
describe back-reaction effects. However, in this work we have used a semi-Riemannian manifold to describe boundary
conditions, so that ∇ǫgαβ = 0. This is due to the fact, in this work we have considered that the energy lost through
the compact object is transferred to the wave of space-time.
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7FIG. 1: Plotting of the ω(r, t) as a function of t (seconds), for different α-values corresponding to different r-values, with
M1 = M2 = 0.5M⊙. For simplicity, we have done M⊙ = 1. Notice that on the Schwarzschild radius ω(α = 2) = −1/2, but
for different (and larger) α-values, the equation of state tends asymptotically to ω → 1 as the collapse evolves.
8FIG. 2: Plotting of the ω(r, t) as a function of t (seconds), for different b-values and M1 = M2 = 0.5M⊙ and α = 2.5. For
simplicity, we have done M⊙ = 1. Notice that initially ω < 0, later ω → 1 as the collapse evolves.
9FIG. 3: Plotting of norm |Rn,l(t, r∗)| as a function of t (seconds), with M1 = M2 = 2.5M⊙, for an observer (which is outside
the star), at a distance r∗ = 4G(M1 +M2). We have considered Λ = 3/(b
2), with b = 0.2 and a0 = 2.2G(M1 +M2). For
simplicity, we have done M⊙ = 1.
10
FIG. 4: Plotting of norm |Rn,l(t, r∗)| as a function of t (seconds), for M1 = M2 = 2.5M⊙ and r∗ = 5G(M1 +M2). We have
considered Λ = 3/(b2), with b = 0.2 and a0 = 2.2G(M1 +M2). For simplicity, we have done M⊙ = 1.
